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Let S be a set of n non-collinear points in the Euclidean plane. It will be shown here that for 
some point of S the number of connectbte lines through it exceeds c- n. This gives a partial solution 
to an old problem of Dirac and Motzkin. We also prove the following conjecture of Erd6s: If any 
straight line contains at most n - x  points of S, then the number of connecting lines determined by S 
is greater than c. x- n. 

1. I n t r o d u c t i o n  

G. A. Di rac  [3] and T. S. Motzk in  [11], independent ly  o f  each other  and at  
the same time, p roposed  the fol lowing p rob lem:  Is it t rue that  in every non-col l inear  
set o f  n points  some po in t  is connected  to the others  by at  least  c .  n s t ra ight  l ines? 
In fact,  they conjec tured tha t  this holds  for c =  1/2. Here  we show the val idi ty  o f  the 
first conjecture .  No te  tha t  the  s t rong form (i.e., c =  1/2) is certainly false for  small  
values o f  n (see G r t i n b a u m  [7]). Natura l ly ,  it may well be that  the  s t rong D i r a c - -  
Motzk in  conjec ture  is correct  as soon as n is sufficiently large. 

Now we state our  result  in a more  explici t  form. Let  S be a set of  non-col l inear  
po in t s  in the Eucl idean p lane  and consider  the  connecting lines determined  by S, i.e., 
the s t ra ight  lines passing th rough  at  least  two points  o f  S. F o r  any poin t  P~ S let 
f ( S ,  P) denote  the number  o f  connect ing  lines th rough  P. Let  

f ( n )  = rain max f ( S .  P). 
[s =n PCS 

Here  and ill wha t  follows ]S! denotes  the number  of  elements o f  the set S. Our  first 
result  gi~es a part ia l  answer  to D i r a c - - M o t z k i n  conjecture.  

T h e o r e m  1.1.  f ( n ) > c  1 • 17. 

T h r o u g h o u t  this paper  c~, c2, ca . . . .  denote  posit ive absolute  constants .  

AMS subject classification (1980): 51 M 05, 05 C 35 
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We have learned that E. Szemerddi and W. T. Trotter [12], independently of  us 
and at the same time, have proved Theorem 1.1 using entirely different ideas. 
Actually, they proved a stronger result (see the remark at Theorem 1.5). 

Observe that Theorem 1.1 immediately follows from Theorem 1.2 below (in 
fact, they are essentially equivalent apart  from constant factors). 

Theorem 1.2. Let L~, L.2, ..., Lt denote all possible connecting lines of  the n-element 
coplanar point-set S. IJ m a x  ]Li~ S l = n - x  (x, 0 = < x ~ n - 2  is arbitrary), then 

]~_i<_t 

{x) c.,_.x-n < t  ~ x ( n - x ) +  2 +1 -~ I + x . n .  

Note that the upper bound is ahnost trivial, It is left to the reader. Theorem 1.2 
settles a conjecture of  P. Erd6s in the affirmative (see Erd6s [4] and Erd6s [6]). The 
particular case x < e a .  n ~/2 was completely solved much earlier by L. M. Kelly and 
W. Moser [9]. 

In the proofs of  this paper we shall use only the following three combinatorial  
properties of the plane, 

(~) Almost disjoinmess: Any two straight lines have at most one point in 
co111mon, 

(/3) Given any falniiy L~, L._, . . . . .  Lr of  concurrent straight lines, then there 
is a natural circular order among the lines L i. 

(7) Let there be giw:n two families L[, L;  . . . . .  L; and L't', L~, ..., L2 of con- 
current straight lines in tl~e plane. These 2r lines partition the plane into disjoint 
convex regions. Simple geometric consideration shows that any straight line L in- 
tersects at most 2 r + l  of  t}nese regions. Indeed, the 2r intersection-points {LNLf},  
{L~L'[}, (1 2 i , . i ~ r )  divide L into at most 2 r + l  intervals. We shall refer to this 
fact as the lattice property of the plane. 

From this it follows that our method is "flexible" enough and works for other 
classes of  curves, too, For example, our argument gives without any modification the 
analogous to Theorem 1.2 result for pseudol#ms, i.e., simple closed (in the projective 
plane) curves each two having exactly one point in common at which they "cross": 
In any arrangement of pseudolines having n vertices in which each pair is joined by a 
pesudoline, if there are at most H -  x vertices on the same pseudoline, then the number 
fo pseudolines exceeds e.,,. x- n. 

Using the analogy between unit circles (i.e., circles with common radius one) 
and straight lines, it is not hard to modify our argument to give the following result. 

Theorem 1.3. Giren any melement coplanar point-set of  diameter less than two (i.e., 
any two points determine exactly two unit circles), then the number of distinct unit 
circles eontainh~g at least two of the points is always greater than c~, n e. 

Of course, Theorem 1.3 remains true for arbitrary point-sets with a constant 
factor depending on the diameter only. 

We cannot resist mentioning here a related conjecture of  Erd6s [5] which 
probably needs a completely new idea: Given n points in the plane, then the number 
of  unit circles containing at least three of the points is o(tF). 

Our method also works to give a partial answer to a problem of E. Jucovi6 
[8]: Given any set S oi 'points in the upper half-plane, then denote by g(S)  the number 
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of circles containing at least two points of  S and touching the x-axis (in a degenerated 
case we allow straight lines parallel to the x-axis). Let 

got)  - rain g(S). 
iSI =rz 

Twenty years ago Jucovie asked for bounds on g(n). The following result shows that 
got) is essentially as large as possible. 

T h e o r e m  1 . 4 .  g ( n )  > c  a • n e. 

Consider the Poincar6 model of  the hyperbolic plane (see e.g. Coxeter [2]). 
The points of  the hyperbolic plane are interpreted as inner points of  the Euclidean 
upper half-plane determined by the x-axis. 

Horocycles (i.e., curves of identically one curvature) are either circles of  the 
upper half-plane touching the x-axis or smdght  lines parallel to the x-axis. So every 
couple of  points determines two horocycles. Now Theorem 1.4 says that every set of n 
points in the hyperbolic plane determines at least c5. n:' distinct horocycles. 

Let t (S,  k) denote the number of  straight lines containing at least k points of  
S. Let 

t(n, k) = max ~(& k), 
IS I =,, 

i.e., t(n, k) denotes the largest integer for which there is a set of  n points in the plane 
for which there are t(n, k) lines each containing at least k of  the points. 

Let t~(S, k) denote the number of  straight lines containing at least k but less 
than 2k points of  S. Similarly, let 

Clearly 

t* (,~, k) = max t* ~S, k). 
ts[ = n  

t~(S, k) ~ t(S, !<) and t*(n, k) ~ t(n, k). 

Both Theorena 1. I and Theorem 1.2 will be deduced from the following esti- 
mate. 

n 2 
Theorem 1.5. t*(n, k) -~- c~- k2+a 

with 3 = 1/20 ./'or all 2>~k~(2n)  w'-'. 

In the proof  we shall apply the "coordinate method" of Beck and Spencer [1]. 
We have to mention here that Szemerddi and Trotter [12] proved the bound 

t(n, k ) < c .  n 2. k -a for 2 ~ k ~ n  a/'-. The nt/"-Xn 1/2 lattice shows that their estimate is 
best possible apart  from a constant lactor (we leave the trivial proof  to the reader.) 

Finally, we remark that a wide range of beautiful problems in combinatorial 
geometry can be found in Erd6s' survey paper [4] and W. Moser's summary [10]. 
Theorem 1.1 also yields a positive answer to Problem 18(a) and (b) in Moser [10]. 
For further consequences of  Theorem 1.5., see the last section of this paper. 
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2. Proof  of  Theorem 1.5 

We start with some trivial upper bounds on t(n, k). 

Lemma 2.1. 

(1) t ( n , k ) ~ - -  Jbr 2 ~ / , ~ n ;  

217 
(2) t ( n , k ) < ~  .for {2n) 1 /~<k~_ n. 

Proof.  get S be an n-element point-set with t (S,  k)=t (n ,  k). Counting the point- 
pairs of S in two different ways we obtain 

and (1) follows. 
To prove (2) we apply the f'ollowing general observation: If L~, L.a . . . .  , L, 

aresubsets of the n-element set Ssuch that ]L~]=>k ( l ~ i N t ) ,  ]LiALjI~1 (I ~=i#j<_t) 
and k ~:" . >(2n) , - ,  then t<2n/k .  Indeed, the assumption t=[2n/k] (upper integral 
part) leads to a contradiction as follows: 

i -'1 i=l I_~i~i=2t 

-> [c,I- ~ : i . k -  > - ' " - [  2 ) > ' ' '  l 

Next we need 

Lemma 2.2. Let there be given n ~'ubset~' S ~ c S ,  l - - : i~n where [S!=n and 

~ l S i l  > 0 .  n" (0< 0 < I). Then there exist an index ion. [1, n], an index-set I(io) c 
i = 1  

[1,n]\{i0} with I (/0)1--~(n_2) and for every il~l(io) there exists an 

index-set l(io, i~)c[ l ,  n]~{i, ,  it} with II(io, i~)[ ~-2n(li-- 1) s'uch that 

1Si"~]Sia(~Si21  ~-- 2 ( 1 1 -  1)(n-2) 

.[or all possible triples (io, i~, i.,) satis/~ving the requirements it6 l(i~) attd i2Q l(i  o, i O. 

Proof. For I ~ r ~ - n  let d, be the number of  sets S~ containing P~ where S =  
{P~, P,2 . . . . .  P,}. Then 

1 , ,  
1, ~ - Z I & I =  d ,>o , l~ ,  

17 r = l  
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and hence 

Y ~.~ ISiaSj~S,,l Zd , ( ' r - - l ) (d r  -2 )  
i=1  j = l  k = l  r = l  

j~- i  k ¢ j , i  

n . d ( d - l ) ( a - 2 )  > n.  On(,gn-1)(On- 2) 

(°) where a = Z=~ dr /n. 

Thus, there must exist an index i0C[1, n] such that 

(3) Z ~ IS,oV~S,;~&l > 9n(;}n--1)(Sn--2). 
j = I  k = l  
j ~ i  o k~: j , i  o 

Let J denote the set of indices jC[l,  n]\{io} for which 

Since 

(4) 

k=l 2 ( n - l )  
k ~ j , i  o 

- - .  On (On-1)(,%-2).  

j (_J  k = l  
k~- j , i  o 

ISi,(flSs~Skl ~_ ( n -  1 ) . - -  
2 ( n - l )  

• O , ~ ( O n -  I ) ( O n - 2 )  

1 
= T On (On-  1)(On- 2), 

by (3) and (4) we get for I(io)=[1, n] \ (JU {io}), 

I o n ( O n - I ) ( O n - 2 )  < Z Z IS,~(~S~o~S.,I ~ I I ( i 0 ) l ' ( n -2 ) ' n -  
2 i t ( l ( i o )  k = l  

k~ ic ,  i 1 

Consequently, 1I(io)I = n ( n - 2 )  

For each ilEI(io) let K(iO denote the set of indices kE[l, nl\{io, i~} for which 

Since 

1 
,~, I I S i ,  0 Ski ~ 4(17 - -  1 ) ( n  - 2 )  917 (On - 1) (On - 2). 

1 
.~ ISioASI1FISk[ ~(n--2)  4(n--1)(n--2)  On(On--1)(On--2) 

kE K(i 0 

1 
- -  - - O n ( O n - - l ) ( O n - - 2 ) ,  

4(n--1) 
and by definition 

IS~oNSI~A&I > -  
k = l  

k~ i3 ,  i I 
2(n-- 1) 

,% (On - 1) (On - 2 )  
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if i~,Cl(i,O, we obtain that 

- -  On ( ,gn-  l ) ( 0 n -  2) -~ 
4 (n - 1 ) ~..~ too. ;0 

where 1(i,,, il)=[1, ,1.]\(K(i~)13 {io, i~})- Hence [l(i,, it)l>On(On- l)(On-2)/4n. 
( n - I ) ,  which completes the proof  of  the lemma. I 

We shall prove Theorem 1.5 with a sufficiently large constant factor c 6 
(e.g. c~=2 l°~° will be an appropriate choice). Let S =  {P~. P,2 . . . . .  P,,} be an n- 
element point-set in the Euclidean plane with the property t*(S, k)=t~(n, k). That 
is, there are t*07, k) straight lines Lj, 1 "--.]~ t*(n, k) such that each of them contains 
at least k but less than 2k points of  S. We shall refer to the lines Lj as k-lines of S. 

Let t*(n, k ) = y .  n 2. k -'-'-~. We shall show that y~cG where c~ is a sufficiently 
larse absolute constant independent o f n  and k (note that, by (I), y~2k~) .  

For every p~c S let Li(~), L~(2), ..., L~,,) denote the k-lines passing through 
P~. Throw away the point P~ from each line P~(j~, l~/~_t~. Then we obtain two 
open half-lines L~j~ and L)'(i). We may assume that I L ~ f )  S[~]L~j)~ S I. Since 
IL[~) (-~ SI + ]L~'~i)/-) S[ ~1¢ - 1, we have IL;~s)~ S] ~ - ( k -  1)/2. 

Starting from P/select the first [ - ~ ]  (upper integral part) points of  Sa long  

the half-line L~(a~. Let K~(j) denote this - -  -element subset of  L~(j) f', S. We shall 
2 

refer to K~(j) as a "segment" of  type i. 
Let us define the "star" S~ ( l > i < n )  as follows 

t i 

S~ = U K.j~. 
j - . 1  

By a standard double-counting argument we have 

- -  IS~l ~- t*(n,  k ) .  k -  > 4-)7~a n". 

Now applying Lemma 2.2 we obtain that 

there exist an index i0~[1, hi, an index-set I(io) with II(io)I>y a. 2 -1°. n. k -~ ,  
and for every ilCI(io) there exists an index-set I(io, iO with II(io, i0[>  

ya 
(5) y a . 2 - 1 ° . n . k - a e  such that ISioASilfqSi21>21o k36n for all possible 

triplets (i0, h, i2) where ilCl(io) and i.,El(io, il). 

We define a partition S~= S! 1) U S} 2) U.. .  U S} a) (1 ~ i<=n) where the para- 
meter d ( < k )  will be fixed later. We recall that L~I), Li(~ . . . .  , Li(,,i denote the k- 
lines passing through P~ES. Without loss of  generality, we may assume that if 
j < l  then the slope of Li~j) is smaller than the slope of L~(~), i.e., -o~ < slope (L~(~)) 
<s lope  (L;c, 0 . . . . .  slope (L~(~,0< + ~  (we fix a pair of  orthogonal coordinate 
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axes). One can easily decompose the interval [1, ti] indo d subintervals Ji ,  l ,  Ji, 'z . . . . .  
.... Ji,d such that for every set S}~)= U Kio) we have 

J,5. Ji , 

(6) b~?'~l ~ d '  1 -~- ,, ~ d. 

The lattice property of the plane (see q,) in Section 1 ) yields that the partition 

Si= (J S! "~ has the following property: 
"r=l  

For any straight line L and for any two indices i, jE[I,  n], L intersects at 
(7) 

most 2 d + l  sets S}*)NSS. u) ( l g v , , t ~ d ) .  

We distinquish two cases. 

Case 1. For every i,EI(io) there exist an integer q=q(iO, O<=q<= [-log d-l, and a set 
H h c [ 1 ,  d]×[1, d] of index-pairs with [Hi~i~d". 4-~ such that for all (v, 10EH a, 

n 
IS}; ') N S~)[ ~ 2 q d2_a----- a . 

We shall prove the impossibility of Case 1 by the trivial estimate (l). Fix ilE I(io) 
and (v,/*)EH;~. We recall that S}~ ) is the disjoint union of some segments of type i1: 

S[~ ) = tJ Ki~{i~. 
JEgi~. t ,  

Reordering the indices we may assume that 

S[u~ ) = K~,o)UK, ca, U... U&,,,} (r = [J,,,,i). 

k - I  
Set kt=lS}),')UK~(oi (1<=/<_-i-). Clearly r~3n/dk ,  since r . k / 3 < r .  

2 

l = 1  

Thus, by hypothesis, we get 

1 Z & k, 1 ['S to ~'-''') ~ _ . _ ) .  d -  k .9~ n 2 ~ - 2 .  k (s )  
r i=1 r 3n d '-aa > d ~-aa 

Let 
2 h + q - 2  • k 

A~(h) = Aq(h- v,l~, q ) -  d,-aa , 1 7 = 0 ,  1 , 2  . . . . .  

From (8) it follows the existence of an integer h ' ,  0 ~ h ' ~  O (log d) such that 

Z k, _-> 2,,,+2 ,_~,' k, = ~ [S~ ') N - ]. 
l: dq (h ' - - l )  <ka<=a~(h ' ) 
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Hence 

1 
I{/E[1, r]" A , , ( h ' - l )  < k, ~ dq(h')} I ~ Aq(h') Z k, 

I : zlqIh'--l) <kf ~dq(h ' )  

1 I 1 1 n n 
r_~ Aq (h') 2 ' '+"  IS~2'I('IS},'I ~_ , . 2,,,+----=2.2q . . . .  A~(h ) d e-aa 4 I''. k . d  " 

This means that there exist at least n • 4 -h' - k -~ • d -~ segments of  type i,, Khft ~ such 
that 

2 v +w-a.  k 
S!VlI~Ki,it)l > A,~(h ' -  l) - dt_aa l0 

Repeating the same argument  for all pairs (v, FL)6 Hq, by the pigeonhole principle 
we conclude that  tbr some fixed h*=h*(i~), 0~_h*=O( log  d) there are at least 

iHi~l n d".  4 -q  n 4_q_l , ,"  d .  n 

cTlogd 4 h * . k . d  - c r l o g d  4 h* -k -d  k . l o g d  

segments of  type i~ each of  them containing > A q (h* -  1) elements o f  one o f  the sets 
S}~ '), l<=v~_d. 

Summing for ilEl(io), again by the pigeonhole principle there must exist 
integers ?/ and /~ with O ~ = O ( l o g d ) , O ~ f i = O ( l o g d )  such that  for at least 
II(io)I/co. (log d) 2, indices i~(-I(i,~), q(i~)=~ and h*( i l )=h .  Since any k-line Lj con- 
tains less than 2k points o f  S, there are less than 2k segments with the same sup- 
por t  Lj. 

Summarising, we conclude that there exist at least (see also (5)) 

1 II(i,01 . {c~ .  4 0 ,i dn  ] 9 
--'2k cg(logd) e " k.loecl),_ ---- 9-5~- " _  " 2- t°"  n " k - a '  ~ (-~ogTl-) ? " { cs" 4 - ' - ' /  k-.lo~)d'n I 

,a 4 -#-~;  = qo Y n e . d .  -k -2- '~a( logd) -a  

distinct k-lines Lj each of  them containing >A~( f i -  l ) = 2 0 + a - a ,  k .  d- t+aa  points 
o f  one o f  the sets S~2 '~, l <-v_-< d. This yields 

d 

(9) a ', . . k-~-ao -a I,') qo Y n- d 4 -rl-h . ( logd)  z y~ t (S ,o ,  ~) 
V = I  

where l¢=Ao(]i-I) .  Using (6) and (1) we obtain 

d 
(10) ~ , ,~ n" . (4-0-/i+ a k -e  d2-~a) ~=,(&. ,/2) ~_ d . -  F = 4an e d • 4-r*-hk 2 d ~a. 

F rom (9) and (10) we conclude that 

(11) ya.  d6a. (log d) -a  ~ cn" k a~. 

The parameter  d will be defined later so that (11) will lead to the desired upper bound 
y<--c 6. 
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Case 2. Assume that for some i>~I(io), the number of pairs (v,/~) such that 

?l 
IS}£ ,q s,? ' l  --> 2, a.,_,, 

is less than d" .4-q  for every q, O__q~[logdl. 
We recall that for every i~I(io,  it) we have (see (5)): 

• 2 - 1 0  

!SNSi.,.I > yak  aa n where S = S,o~S h. 

Since S~ is the disjoint union of segments of type i.., and each of these segments con- 

tainsexactly l k - 1  1 points of S, it follows that there must exist =>2 -~° vak-~-aa, n 

segments K~u) of type i., such that 

[K,.~t> ~ Sl > i,~ (i.,~ X(io, i,)). 

Since any k-line Lj contains tess than 2k points of S, there are less than 2k segments 
with the s'ame support Lj. Combining these facts we obtain the existence of at least 
(see (5)) 

2-t0ya 
(12) 2-k-el. ]i(i0 ' i~)]. k ~ +a~----g- . n  ~ 2 -~ .3,6 . k-~-6a . n ~ 

distinct k-lines Ls such that 

[S~Li] > - -  
2 - 11 . y 3  

We need the foUowing double-counting lemma. 

Lemma 2.3. Let S (v , I~)cS ,  lNv,  l t g d  be subsets with the properties: 

(13) S(v, 1~) (3 S(v*, y )  = 0 if (v, I0 -.~ (v*, lt*); 

(14) iS(v, ll) I ~ 2 q. m fo," all but less 

than d"4-" pairs (v,/0, q=0,  1, 2 . . . . .  [log dl. 

d d 

Let S= ~J I,_J S(v, It). Assume that 
v = I  . u = l  

(115) IsI ---: ,7. 

Moreocer, suppose that 

(16) any straight line L intersects at most 2 d + l  of the sets S(v, It), l ~ v ,  I~-<-d. 

Thel7 

1 
t(S, 4d) < 7/(3de" log d.  m'a+n, m/2) 
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where t(S, 4d) denotes the mm~ber of  straight lines contain#~g at least 4d pohtts of  S 
(i.e., the number of (>=4d)-lhws o/ S). 

Remark. Hypothesis (14) immediately implies that IS(v,/~)]<2d.m for all pairs 
(v, t0. 
Proof. Consider the quadruples (q,  r.,, v, $0 such that q-<r~ and for some (=>4d)- 
line L of :~, {Q,., Q,~}cS(v,/~) where LOS={Qa,  Q2, Qa . . . .  }. We count the 
number of these quadruples in two different ways. 

Let L be a (>=4d)-line in S where LC1S={Q~, Q2 . . . . .  Qv}, p>=4d. Let 
Q,~ S[~ "n ~ S[~',), 1 <=r~p. From hypothesis (16) it follows by elementary calculation 
that the number of repetitions among the pairs (v~, t~r) l'~r~=P is greater than d. 
Thus, d. t(S, 4d) gives a lower bound to the number of quadruples (q,  r 2, v, p). 

Since any two distinct points determines exactly one straight line, we obtain 
that the expression 

V:] p=l 

gives an upper bound to the number of quadruplets (q,  r.a, v, p). 
Summarising 

(17) t(S, 4,1) < 7 , , ~ t ,  2 " 

By (13) and (14) we have 

(18) ,~y (lS(,2p),), =<--.n {2 7) < n . m  
(v, j t ) 1,l 2 

iS( v, lnl ~ m  

Furthermore, (14) yMds that for every integer q, 0 ~ q ~ [ l o g  d], 

(19) x~ (]S(~ ll)l} (2q2~m } ----: • d ~ • 4-q. 
2%n~-IS(v.p 1::2 'l ~bn 

Since iS(v, l~)t<2Pt~l with p=[log dl, by (17), (18) and (19) we get 

t ( : ~ ' 4 d ) < d - /  2 + ~ '  "d~'4-" 
q=O 

l / n ' m  } 
d /  2 - F 3 1 o g d - m  e-d'' , 

which completes the proof of kcmma 2.3. I 

Applying Lemma 2.3 with S(v,p)=S)~')CIS~),m=n.d -''+aa 
[2-Ja.ya.  kl-.~a I (see also (7)), we obtain that there are less than 

and d=  

(2o) .~ i7 • I F / /  
1 {3 l o g  d" m " - d  ~ , - J - - - ~ j  -~ 4 n  2 log d ,  d -3+~a 
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distinct k-lines Lj such that 

I~NLj, _-> 4,1 > 2-1].  y a. k-aa,  l - ~ / .  

Comparing (20) and (12) we conclude that 

(21) y~-d  a-ha. (log d) - I  ~ cp.,- k e+aa. 

Let 6 =  1/20. Then from (I 1), (21) and from the choice d = f 2  -ta .ya. kX-aa l it follows 
by elementary calculation that in both cases y is bounded by a sufficiently large ab- 
solute constant ca independent of n. and k. The proof  of  Theeorem 1.5 is comp- 
lete. l 

3. Proofs of Theorems 1.1-2 

First we need the following result. 

Theorem 3.1. Let  there be given a set S o f  n points in the Euclidean plane. Then either 
('g) some straight line contains >n/100 points o f  S, or 
([3 I) the number o f  distinct straight lines determined by S exceeds qa" n". 

Proof. Let L , , L 2  . . . . .  L, denote the connecting lines of  S, and let I~=ILNS[ ,  
l - ~ i ~  t. Counting the pointpairs of  S in two different ways we obtain 

Divide the right-hand side SLln~l into three parts: 

. 1,'2 2 * - ( 2 ) l ~ - I i g  I]ID(I 2 ~ 1 t _~" Ii <(2/1"} 

and 

2 <~ 1 i < '2C I-I • ~ t l  

First we estimate Z1 from above. By Theorem 1.5 

} {7} J --t~l 1 2 J ~ [ i  < 2 J  a. 1 i 2  Cl. l 
li < ( 2/1)1/2 2J  < { 2ll)1, 2 

~ [* (n, 2J) - ~ ,~  C~ 22j'~/2{ , ~ 2%" n ~ 
'>" ' .., J -- {'14 e/- (~,~3' - 2 - .#.>_ c l a  

if c14 is sufficiently large. 

4 *  
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Second we give an upper  bound to S,a. 
By (2) in Lemma  2.1 we have 

,24, 
oj  2tl / 2 ~ 1 ~ . 2 J + 1  o n 1/~ j ~ 2 0  - ( ) -- i ~- ( -  I 2 J ~ n l / * / l O 0  

li<=u/lO0 

I f  some s t ra i -h t  line contains 
case 

tha t  is, 

< ",~ 2 " (2~+'~ 2''3~/') 1[2 ) -~ 2./(2n),/2 " ~ ~ 2i+an al'z < --~ . 
• j ~ o  j ~ o  

2J~nl/~/lOO 2-/~ hi/2/100 

Combin ine  (22), (23) and  (24) we ,,et r. > l ( n ]  
~- ~a 2 !,21" 

>n /100  points o f  S, then we are done. In the opposi te  

,,~,,2-~_..,q, 2 TM T ( 2  ' 

t :-- ~ 1 > -5- " = qa"  n°'. 

The p roo f  of  Theorem 3.1 is complete.  1 

Proof of Theorem 1.1. I f  al ternative (fl) in Theorem 3.1 holds then we are done  by 
a simple averaging argument .  In the opposi te  case let L denote  a straight  line contain-  
ing more  than n/100 points. Selecting any point  PggL the lines determined by the 
point-pairs  (P, Q) QEL are clearly distinct. I 

Proof of Theorem 1.2. Again if al ternative (#) in Theo rem 3.1 holds then we are 

ready. I f  ~<:,-_--~max I L ; ~  S I = IL;, f? S I = n -  x >~___100 then we choose  an ~ -element  

subset  Z of  S \ L i ,  ,. Joining all possible pairs (Pi, Qi) where PiELio and QjCZ 
we obtain  

X X X X r/ 

= ~ - ( n - x ) -  ~ 1--6-6- n - x -  ~ 10~ 200 

distinct connecting lines. I 

4. Proofs of Theorems 1.3-4 

Proof of Theorem 1.4. We call a circle in the upper  half-plane x-circle if the x-axis 
is tangent  to it. Given any point-set S in the upper  half-plane then denote  by t~(S, k) 
the nmnber  of  x-circles R such that  k~]RNS{<2k  ( k ~ 2 ) .  Set 

t; ~ W, k) = sup t~ (S, k). 
[~';I - n  

The p roof  is based on the lbllowing estimate. 
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n 2 1 
Lemma 4.1. t~(n, k)-~c15 ~ with ~=-~ for all k, 2-<_k--a--(2n) 1/2. 

We outline a proof of Lemma 4.1 referring to Section 2. Let S =  {P1, P.2 . . . .  
.... Pn} be an n-element subset of the upper half-plane with the property tg(S, k)=  
tif (n, k). Let R1, R2 . . . .  , Rt, t= tg (n, k) denote all possible x-circles Rj with 
k~-lRjf'qSl<2k. For every P~ let Rim, R;(~_~ . . . . .  $:~(t,) denote the subsequence of  
R~ . . . .  , Rt containing Pi. For any R~u ) let Qj denote the only common point of  the 
x-axis and the circle R~u ) (point of contact). The line segment P~Qi splits R~u ) into 
two arcs R~i) and R~(.i) where " + "  and " - "  are &.'fined according to the counter- 
clockwise and clockwise order along R~u ~ starting from P~. For every .j(1 ~j~t)  

_ ~  k - 1  Thus, for some index- either I(R~,\{P,})rqSl~ or I(R~)\{P,I)rqSI~ 2 

- I  for each ./'EJi Here set J i c [1 ,  t,] with ]Ji]>=ti/2' l(R~ul\{ei}~Sla=k 2 

* = • ( i )= + or - identically for all jEJ~. Obserwe that the arcs R~i)\{P~} (jEJ~) 

are pairwise disjoint. Starting from P, select the fir,,t [~z~-I points of S along the 

arc R*u)\{Pi}. Denote this lS -~ / - e l emen t  subset of  (R*U)\{Pi}f'IS by Kiu). 

Finally, we define the "star" Si (1 <=i<--'n) as follows 

J~d~ 

Now the proof  of Lemma 4.1 proceeds along the same lines as that of Theorems 
1.5. The only difference is that two points determine cne straight line but two x-circles. 
This fact causes some change in the constant factor~ only. The desired "lattice pro- 
perty" for arcs is as follows: Let there be given a "compatible" family Ax, A~ . . . .  , A, 
of arcs in the upper half-plane each of  them startirg from a common point P and 
terminating at the x-axis. Here "compatibility" means that A~Aj={P}  if i~j. 
Let A~, A~ . . . . .  A~' be another compatible family of arcs in the upper half-plane with 
common starting point P '  and with endpoints or: the x-axis. These arcs Ai, A~ 
partition the upper half-plane into disjoint regions. Now the "lattice property" 
says that any circle R intersects at most 4r of these regions. Indeed, the at most 4r 
intersections-points Rg~A~, RNA~ divide R into a: most 4r subarcs. | 

Now the proof  of  Theorem 1.4 can be completed as follows. We say that an 
x-circle is determined by S if it contains at least two points of S. Repeating the stand- 
ard double-counting argument of Section 3, one car easily deduce from Lemma 4.1 
that either 
(c~) some x-circle contains more than n/100 points of S, 
o r  

(fl) the number of distinct x-circles determined by S exceeds c16-n 2. 
If alternative (fl) holds then we are done. In the opposite case denote by R0 

an x-circle containing >n/100 points of S. For any pair P, P'ERoI"IS (P-#P') 
denote by R(P, P') the x-circle containing both P and P '  and different from R0. 

Thus we obtain the existence of more t h a n "  '"'[n/2°0 ] distinct x-circles determined 

byS .  I I  
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Proof of Theorem 1.3. Exactly on the same line as that of  Theorem 1.4 except the 
definition of  the decomposition R = R + U R  -. Let there be given a point PES 
and a unit circle R with PER. The half-line starting from P and passing through 
the center of  R splits R into two half-circles R + and R- .  I 

5. Further consequences 

We recall that t(S, k) denotes the number of  straight lines containing at least k 
points of  S (e.g., t(S, 2) denotes the number of  connecting lines of  S). 

We shall deduce the following result f rom Theorem 1.2. 

Theorem 5.1. Given arbitrarily small e,>0, then there is a threshold l=l(~) depend- 
ing on ~ only such that for any non-collinear point-set S in the plane, t(S, l ) < e .  t(S, 2). 

Proof.* Let I S l = n  and max I Z ~ S l = n - x  (x_>l) where L is extended over all 
L 

connecting lines of  S. Then, by (1) we have 

t(S, l) ~ 1 ÷ t ( S ~ L ,  I - l )  ~ 1 + -  

Now one can easily complete the proof, since by Theorem 1.2, t(S, 2)>c~.  x -n .  | 

Combining Theorem 1.2 and Theorem 5.1 we immediately obtain 

Theorem 5.2.** Let there be given n pohTts in the plane and assume that any straight line 
contains at most n - x  of them. Then the number of connecting lines containing less than 

1 
Cxv of the points exceeds ~ c 2 . x . n .  I 

Next we state 

Theorem 5.3. Let there be given n points hi the plane and assume that any circle 
(straight line) contains at most n - y  of  them. Then the number of distinct circles 
(straight lhTex) contah2ing at least three but not more than czv of the points exceeds 
C18 • y - n 2. 

Proof. Let S={P~,P~ . . . . .  P,}. Applying inversions with center Pi, l<=i<=n, 
1 

Theorem 5.2 yields the existence of >n  -~- c zy (n -  l)/ctT= Cl 8 "y" n "9 distinct circles 

each of  them containing at least three but not more than ct7 points Pj.  I 

Let there be given a point-set S and a hyperplane H. We say that H is an 
S-hyperplane if HfqS  spans S. 

Theorem 5.4. Let there be given an n-element point-set in the Euclidean r-space. Then 
either 
(~) some (r-1)-dimensional hyperplane contains more than c'~. n points of S, or 
(~) the number of distinct (r-1)-dimensional S-hyperplanes exceeds c". n'. 

* A simpler direct proof can be extracted from Kelly-Moser [9]. 
** A result of Kelly and Moser [9] yields cz7=4. 
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P r o o f .  We show the validity of  the stronger statement below. 

Statement. Let there be given n not necessarily distinct points Pt, P..,- . . . . .  Pn in the 
Euclidean r-space 0"_>-2). Assume that I{P1, P~ . . . .  P,}I>e. n, i.e., there are more 
than e-n  distinct points among them. Then either 
(~) some 0"- l ) -dimensional  hyperplane contains >-c~(e).n distinct points of  

{P1, & . . . . .  &},  or  
(]3) the number of  distinct ( r -  l)-dimensional {P1, P2 . . . . .  P,,}-hyperplanes con- 

taining less than c"(e) ,  n not necessarily dis~:inct points of  P1 . . . . .  P, exceeds 
c;'(~), n'. 
We proceed by induction oll r. We start with the simplest case r = 2 .  Let 

I{P1, P,_, . . . .  , P , ,}h=N>e.n .  From Ttaeorem 5.2 it follows that, either 
(c~) some straight line contains >=N/2 distinct points of  {PI, P., . . . . .  P,}, or 
(fl) the number of  connecting lines containing less than c~ distinct points of  

1 N 
{Pt, P., . . . .  , P,} exceeds ~- ce . ~ - .  N. 

Let m(P~)=multiplicity of  P;=I{jC[I ,  n]: Pj=e~}I- 
Let us introduce the set 

A(M)  = {Pi: m(Pi) >= M}. 

Since [A(M)[. M ~ n ,  we have IA(M)Ign/M. Thus, the number of  distinct connect- 
ing lines passing through some P~<A(M) is at most IA(M)I .N<=n.N/M< 

N 2. (eM)-L I f  M=>Mo(e ) then N'a(eM)-I<--~c2N ~, and we conclude that the 

number of connecting lines containing less than c~7M points of  P~ . . . . .  P, exceeds 
1 

-~c2.N'-. This completes the case r = 2 .  

Now assume that the statement is true for r -  I =>2. Then for every point P~ 
choose an ( r - l ) -d imens iona l  hyperplane H i such that Pi~ H~ and the straight line 
P~Pj does intersect Hi if j ¢ i .  Applying central projection onto I-/i with center P~, 
the projected image P~, P£ . . . . .  P[_,, P[+~ . . . . .  P£ of P~, P,, . . . .  , P~_~, P~+~ . . . . .  P, 
contains more than q ( e n - l )  distinct points. Indeed, it is an immediate consequence 
of Theorem 1.1. Now applying the induction hypothesis for P'~, P'.a . . . . .  P[-~, P[+~, 
..., P£, and summing for i =  1, 2 . . . . .  n, one can easily complete the induction step. 
Theorem 5.4 follows. II 

Finally, we mention an application of Theorem 1.5 to the 3-dimensional 
"unit distances" problem: Find bounds on h (n )= lhe  maximal number of  unit dis- 
tances determined by n points in the Euclidean 3-space. 

Erd6s [4] observed that 

n 41a. log log n < h (n) < n r'/a. 

Using Theorem 1.5 we shall give a "non-trivial" uj)per bound to h(n). 

Theorem 5.5, Let n be sufficiently large. Then hOT)<:n 5/a-~ where c>O, independent 
o f  tl. 

Remark. Replacing Theorem 1.5 with the Szemer~:di--Trotter estimate mentioned 
in Section 1, our argument yields h(n)<nag/'a4+°OL 
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Proof. Let there be given a set S =  {Pt, P2 . . . .  , P,} of  n points in 3-space. Denote 
by F(P)  the unit sphere with center at P. Set 

s ( i ,  j )  = {P~S:  {5, PA c ~-(P)}. 
Observe that the points in S( i , j )  lie on a circle g(i,  j ) ,  i.e., S( i , j )=Sf~R( i , . ] ) .  
Simple geometric consideration shows that if ( i , j ) # ( k ,  l) then the circles R( i , j )  
and R(k, l) are distinct. 

Let h~=[F(P~)AS~, l~ i -~n .  Counting the number of triples (P ,P ' ,  P ' )  
satisfying properties P, P',  P " ~ S and {P', P"}  c F(P ) in two different ways we get 

(25) x7 IS(i,J)i = Z • 
1 <_ i <: j =-: n i = 1  

To estinaate the left-hand side of (25) from above, we introduce the number 
T ( p ) =  T(S,  p) of  distinct circles containing at least p points of S. We call these 
circles as/>circles of  S. Simple averaging argument gives that for some point P~ 
there are at least p.  T(p)/n p-circles of S passing through Pi. Applying inversion 
with center P~ w-e obtain the existence of p- T(p)/n distinct strai=oht lines each of them 
passing through at least p - - I  points of the inverted image of S. Consequently, 
p.  T ( p ) f l z ~ t ( n - 1 ,  p--1).  We have therefore from Theorem 1.5 and inequality (2) 
in Lemma 2.1 after easy calculation that 

(26) T(p) 7~ c ' - -  

and 

(271) 

From (26) we obtain 

n a 1 
6 - -  for all 3 ~ p ~ ( 2 n )  ~/~, 

pa+~, 20 ' 

T(p) _<- 2. n~ for (2n) ~/'-' < p ~ n. 
7 

(28) Z 
qzi ]5(i, J) l ~ ( 2 " )  a!z 

By (27) we get 

(29) x, 
(2n)1"2  < [S i , j ) [ ~ n  

]S(i,j)l = ~ Z , [S(i,J)l 
I ~ l  2 - q~]S ( i , j )  ~72q 

S ( i ,  j ) ]  ~ ( 2 n )  1/-~ 

113 t l  3 
. _ _  l~az~ 2~" q" c' (U_t " q)a+,~ ~ c" qX+~" 

IS( i , j )[= ~ , i, z~, IS(i,J)] ~ c ' ' ' n 2 .  
l_~1 2 - a . ( 2 n ) '  "--<[S(i,j)l~21.(2n) 1~2 

Summarising, by (28) and (29) we have 

(3O) 

IS(i,j)[ = Z 
l ~ i - < j ~ n  ]S( i , j ) [~q  

5 
8 

6(3+6)  

ls( i 'J)I+ ~ [s(i 'J)l+ 1/ ~ 
q~lS( i , j ) [~(2n) l /~  (2n) 2 < l S ( i , j ) l ~ n  

1 
n 3 1 ,, + - _ o . c  

" + c "  C . , , 2  < ~ , ,  3 
3 

1S(i,j)] 

where q=n 3+~, c - - -  and n>n0(D. 
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(31) 

On the other hand, clearly 

hi/H h i 

~=~ 2 3n 

Comparing (25), (30) and (31) we conclude that 

i = 1  

that is, the number h of unit distances determined by S is less than n s /a-~ with 
6 

c-6(2+5---- ~ e if n>n0(O. II 
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