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Let S be a set of # non-collinear points in the Euclidean plane. It will be shown here that for
some point of S the number of connecting lines through it exceeds ¢ - n. This gives a partial solution
to an old problem of Dirac and Motzkin. We also prove the following conjecture of Erdés: If any
straight line contains at most # — x points of S, then the number of connecting lines determined by S
is greater than ¢- x - /.

1. Introduction

G. A. Dirac [3] and T. S. Motzkin [11}, independently of each other and at
the same time, proposed the following problem: Is it true that in every non-collinear
set of n points some point is connected to the others by at least ¢ - n straight lines?
In fact, they conjectured that this holds for ¢=1/2. Here we show the validity of the
first conjecture. Note that the strong form (i.e., ¢=1/2) is certainly false for small
values of n (see Griinbaum [7]). Naturally, it may well be that the strong Dirac—
Motzkin conjecture 1s correct as soon as » is sufficiently large.

Now we state our result in a more explicit form. Let S be a set of non-collinear
points in the Euclidean plane and consider the connecting lines determined by S, i.e.,
the straight lines passing through at least two points of S. For any point P¢S let
J(S, P) denote the number of connecting lines through P. Let

S0 = min max /(5. P)

Here and in what follows |S| denotes the number of elements of the set S. Our first
result gives a partial answer to Dirac—Motzkin conjecture.

Theorem 1.1. f(n)=c¢,; n.

Throughout this paper ¢, ¢;, 3. ... denote positive absolute constants.
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We have learned that E. Szemerédi and W. T. Trotter [12], independently of us
and at the same time, have proved Theorem 1.1 using entirely different ideas.
Actually, they proved a stronger result (see the remark at Theorem 1.5).

Observe that Theorem 1.1 immediately follows from Theorem 1.2 below (in
fact, they are essentially equivalent apart from constant factors).

Theorem 1.2. Let L, L,, ..., L, denote all possible connecting lines of the n-element
coplanar point-set S. If max ILiNS|=n—x (x,0=x=n—-2 is arbitrary). then
=i=t

2

Cyr X <= .\‘(n~x)—‘r[ ]+l =l4x.n

Note that the upper bound 1s almost trivial. It is left to the reader. Theorem 1.2
settles a conjecture of P. Erdés in the affirmative (see Erdds [4] and Erdds [6]). The
particular case x-<c¢,-n'? was completely solved much earlier by L. M. Kelly and
W. Moser [9].

In the proofs of this paper we shall use only the following three combinatorial
properties of the plane.

(x) Almost disjointness: Any two straight lines have at most one point in
common.

(f) Given any family L;. L,, ..., L, of concurrent straight lines, then there
is a natural circular order among the lines L;.

(y) Letthere be given two families Li, L;, .... L] and L7, L3, ..., L, of con-
current straight lines in the plane. These 2r lines partition the plane into disjoint
convex regions. Simple geometric consideration shows that any straight line L in-
tersects at most 2r+ 1 of these regions. Indeed, the 2r intersection-points {LN L[},
{LNL7}, (1=i, j=r) divide L into at most 2r+1 intervals. We shall refer to this
fact as the lattice property of the plane.

From this it follows that our method is “flexible” enough and works for other
classes of curves, too. For cxample, our argument gives without any modification the
analogous to Theorem 1.2 result for pseudolines, i.e., simple closed (in the projective
plane) curves each two having exactly one point in common at which they “cross™:
In any arrangement of pseudolines having 1 vertices in which each pair is joined by a
pesudoline, if there are at most n — x vertices on the same pseudoling, then the number
fo pseudolines exceeds ¢,- x - n.

Using the analogy between unit circles (i.e., circles with common radius one)
and straight lines, it is not hard to modify our argument to give the following result.

Theorem 1.3. Given any n-clement coplanar point-set of diameter less than two (i.e.,
any two points determine exactly two unit circles), then the number of distinct unit
circles containing at least two of the points is always greater than c,-n*.

Of course, Theorem 1.3 remains true for arbitrary point-sets with a constant
fuctor depending on the diameter only.

We cannot resist mentioning here a related conjecture of Erdds [5] which
probably needs a completely new idea: Given n points in the plane, then the number
of unit circles containing at least tfiree of the points is o (#3).

Our method also works to give a partial answer to a problem of E. Jucovi¢
[8]: Given any set S ol points in the upper half-plane, then denote by g(S) the number
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of circles containing at least two points of .S and touching the x-axis (in a degenerated
case we allow straight lines paraliel to the x-axis). Let

g(n) = lslln_n 2(S).

Twenty years ago Jucovi¢ asked for bounds on g(n). The following result shows that
g(n) is essentially as large as possible.

Theorem 1.4. g(n)>c¢; - n*

Consider the Poincaré model of the /iyperbolic plane (see e.g. Coxeter [2]).
The points of the hyperbolic plane are interpreted as inner points of the Euclidean
upper half-plane determined by the x-axis.

Horocycles (i.e., curves of identically one curvature) are either circles of the
upper half-plane touching the x-axis or straight lines paraliel to the x-axis. So every
couple of points determines two horocycles. Now Theorem 1.4 says that every set of n
points in the hyperbolic plane determines at least ¢ - »n* distinct horocycles.

Let #(S, k) denote the number of straight lines containing at least k points of
S. Let

k)= };}a_rl\l HS, k),

1.e., 7{n, k) denotes the largest integer for which there is a set of n points in the plane
for which there are 7(n, k) lines each containing at least k of the points.

Let #* (S, k) denote the number of straight lines containing at least k but less
than 2k points of S. Similarly, let

1" (n, k) = maix (S, k).
Clearly
(S, kY = 0(S, k) and  f (i, k) = i, k).

Both Theorem [.1 and Theorem 1.2 will be deduced from the following esti-
mate.
nZ

Theorem 1.5. *(n, k) = €6 Taws

with 6=1/20 for all 2=k =(2n)"*

In the proof we shall apply the “coordinate method™ of Beck and Spencer [1].

We have to mention here that Szemerédi and Trotter [12] proved the bound
1, K)y<c-n*- k=3 for 2=k=nY2 The nY2xnY/? lattice shows that their estimate is
best possible apart from a constant factor (we leave the trivial proof to the reader.)

Finally, we remark that a wide range of beautiful problems in combinatorial
geometry can be found in Erdds’ survey paper [4] and W. Moser’s summary [10].
Theorem 1.1 also yields a positive answer to Problem 18(a) and (b) in Moser [10].
For further consequences of Theorem 1.5., see the last section of this paper.



284 J. BECK

2. Proof of Theorem 1.5

We start with some trivial upper bounds on #(n, k).

Lemma 2.1.

(N 1, k) = =2 for 2=k =a;

2
2) (0, k) < “ki for Qa2 <k = n.

Proof. Let S be an n-element point-set with 1(S, KY=1(n, k). Counting the point-
pairs of S in two different ways we obtain

k n
t(n, I\)v[z] = [2),
and (1) follows.

To prove (2) we apply the following general observation: If L,.L,, ..., L,
are subsets of the n-element set Ssuch that |Lj=k (1=i=1), |[LNL|=1(1=i7j=1)
and k=(2n)"%, then r<2n/k. Indeed, the assumption t=[2n/k] (upper integral
part) leads to a contradiction as follows:

n:!Si;:IUL,.
i=1

= >ILi- X ILNL]

~i=j=t

S ()0

Next we need

1

Lemma 2.2. Let there be given n subsets S;c S, 1=i=n where |[Sl=n and

2 18]=3 -0 (0<3<1). Then there exist an index i,€[1, n), an index-set (i) <
s

3 3 . . .
[ alN\fio} with \I(io)i;';m( 3”) and for every ,€I(iy) there exists an
. . . . o 3 my
index-set 1y, i) L1, )N\ iy, 71} with [I(y, i) ;m ( 3) such that
Vo~ NP 3 3n
193155, 08 = 2(in—NDH(n-=2) ( 3 )

Sor all possible triples (iy, iy, iy) satisfving the requirements i ¢ 1(i)) and i,&1(iy. iy).

Proof. For l=r=n let d, be the number of sets S; containing P, where S=
{P\, P,...., P,}. Then
1 n

2]5,]2%2’(1,>3-n,
1 r=1

n =1
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and hence
= IS NS;NSl= 2did-Hid -2
i=1 j=1 kk 3 r=1
Ji k=],

=n.dd-1DA-2)=n-InB3n—1)(In—2)
where E:[Zn d,)/n
r=1

Thus, there must exist an index #,£[1,n] such that

3 Z 2 18,NS;NS,| = dn(In—1)(3n—2).
=1 k=1
U ETRN

Let J denote the set of indices j€[1, n)\ {/,} for which

n [ .
i '{ E 0" ' q - 1 _2 .
k:zl 1S;,NS; N8| = T=1) n(8n—1)(9n—-2)

ksd,ip
Since
(4) > 2' 1S,NS;MNS, | = (11'——1)-—_1—-911(911——l)(9n—2)
jEJAL 4 2(77—])
s

= %9}1 (3n—D(In—-2),
by (3) and (4) we get for I(ip)=[1, B\ (JU {i,}),

—;—911(311—1)(9n—2)< >3 1S.NS.NS = |1 - (n—2) 1.
i, €T, k=1
kstig, i,

Consequently, |I(ig)|> (113 % [Sn]
For each i,€1(iy) let K(i,) denote the set of indices k€[1, n]\ {iy. {;} for which

= L 9n(en—1)(8n—2
|S,»OﬂSixﬂS,\.]:4(,1_1)("~2) In(Sn—1)(In—-2).

Since

2 18S,NS, NS =n-2) L

keKiiy) 'm-% Sn—1)(Bn-2)

1 f
= m 3n (J.‘Z — 1)(9” —2),

and by definition

i 1
kg; 1Sioﬂ5ilﬂsk| = 2‘—_(”?1)

iy iy

In(9n--1)(n—-2)
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if i, €1(iy), we obtain that

7”9;1(9/1—1)(911—2) = 2 S

4(n— is€ 1(ig.1))

NS, NS, = (i, i) n

to

where  I(iy, i)=[1, s]\(K(@i)U {ix. iy}). Hence [y, i)|=9n(8—1)(In—2)/4n -
(n—1), which completes the proof of the lemma. J

We shall prove Theorem 1.5 with a sufficiently large constant factor ¢4
(e.g. ¢g=219% will be an appropriate choice). Let S={P;. P,,..., P,} be an n-
element point-set in the Euclidean plane with the property ¢"(S, k)=1"(n, k). That
is, there are t*(n, k) straight lines L;, 1:z=j=1"(n, k) such that each of them contains
at feast & but less than 2k points of S. We shall refer to the lines L; as k-lines of S.

Let t*(n, k)=y-n?- k=27% Weshall show that y=c¢; where c¢; is a sufficiently
large absolute constant independent of » and k (note that, by (1), » «:'2/\")

For every PSS let Ly, Ly, ..., Ly, denote the k-lines passing through
P;. Throw away the point P; from CdCh line Py, 1=j=¢. Then we obtain two
open half-lines L;; and L} . We may assume that |L{ ;N S|=|L;;MS|. Since
IL{ S|+ LS| =k—1, we have |L{;,NS|=(k—1)/2.

Starting from P; select the first k—zl (upper integral part) points of S along

the half-line L{;,. Let K;(;, denote this [k;

]]-element subset of L{;;(S. We shall

refer to K, as a “segment” of type i.
Let us define the “star™ S, (I=i/=n) as follows

I
Si = _U Kigjy-
i=1

By a standard double-counting argument we have

n k—1
(:Z{’]S,I = “(n, l\) k- [ ]> 4[\[’ ne.

Now applying Lemma 2.2 we obtain that

there exist an index #,€[1, n], an index-set I(iy) with [[(ig)|=1%-270.n. =3
and for every i;€1(i;) there exists an index-set 1(10, i) with [I(jy, i)|=>

(5)  y*-27%.n-k"3 such that |S;,,NS;,NS,|=> 210 7 for all possible
triplets (iy, 71, i) where i €1(i) and LE€I(, iy).

We define a partition S;=SPUSPU...US® (1=i=n) where the para-
meter d(<k) will be fixed later. We recall that L;,,, Lys), ..., Ly, denote the k-
lines passing through P;€S. Without loss of generality, we may assume that if
Jj=1 then the slope of L,;, is smaller than the slope of Ly, i.e., —e < slope (L;u))
<slope (L;@)<...<slope (Li;,)) <+ (we fix a pair of orthogonal coordinate



THE LATTICE PROPERTY OF THE PLANE 287

axes). One can easily decompose the interval (1, ¢} indo d subintervals J; ;. J; 5, ...,
...» Ji 4 Such that for every set S = |J K; we have
jedi

v

(6) IS0 = ’—(; l=v=d

The lattice property of the plane (see (y) in Section 1) yields that the partition
d
S;= U S has the following property:

y=1

7) For any straight line L and for any two indices i, j€[l, n], L intersects at
most 2d+1 sets SN SW (1=v, u=d).

We distinquish two cases.

Case 1. For every i,€I(i,) there exist an integer g=¢ (i), 0=qg=[logd, and a set
H;, c[1,d|x[l, d] of index-pairs with |H,j=d?-47% such that for all (v, p)€H;

12

SO NS = 24;{2"—_3,,.

We shall prove the impossibility of Case | by the trivial estimate (1). Fix /€ I(7,)

and (v, W)€ H; . We recall that S{* is the disjoint union of some segments of type i;:

)y — ¢
Sh - U Kix(j)'

fEJ,']_u
Reordering the indices we may assume that

S’(f) = ,'1(1]UKI'1(2JL,I.UUK[‘”” (I' = lJix.ui)'

. c—1
Set . k=|SPUK,y| (=l=r). Clearly #=3n/dk, since r-k/3<r-k

= 2 Kol =S 1=n/d.

=1

Thus, by hypothesis, we get

1 r 1 e d-k n 2972,k
(8) 71221' k, =7|Si(o)msi(f)| = 3n -2t Q-3 T gi-ss -
Let
2h+q—2,k
Ag(h)y = A, (h; v, p, 1)) = —giwm h=0,1,2, ...

From (8) it follows the existence of an integer 4", 0=/"= O (log d) such that

1 ’.' ]' v
k= gors 3 k= g 1S NSY)

LAl ~1) <k Sd4,(0) 5
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Hence
1
{[E“ rl: Aq(f} DN =k=4 (11 )}l A (h Y. a0 —1)Z<'k,(d ) ki
l 1 1 n n
= (v) (] = p— .29, - = - .
h )21; +2 |S ﬂS A,,(h') oH +2 (q2—39 4% k. d

This means that there exist at least n-4~" . k~1.d ! segments of type i, K such
that
29+ =5 I

dl—35

ISEVOK, o = 4,00 1) =

Repeating the sume argument for af/ pairs (v, ,u)g H, , by the pigeonhole principle

we conclude that for some fixed #*=/*(i)), 0=h*=0(log d) there arc at least

] n d*.4-4 n P d-n
. _ = . - = Cq- .
c;logd 4. k.d = c;logd 4" -k-d | - logd

segments of type /, each of them containing >A4,(1*—1) elements of one of the sets
S, 1=v=d

Summing for 7/,£1(j,), again by the pigeonhole principle there must exist
integers § and i with 0=g=0(logd), 0=h=0(logd) such that for at least
ll(z(,)l/c9 (log d)?, indices €1(iy), g(iy)=g and h*(i;)=h. Since any k-line L; con-
tains less than 2k points of S, there are less than 2k segments with the samc sup-
port L;.

Summansmﬂ. we conclude that there exist at least (see also (5))

LGl [C,.47:742.L] = I_.Qi'z_w'—"'l"_m.[c,.z;—q—li._dl]
2k cq(logc()~ : k-logd) — 2k cg(log d)? 5 k-logd

= ¢ yPentd-4-ah o2 (log d) 73

distinct k-lines L; each of them containing >dz(h—1)=2774=3. k. d~1*+3 points
of one of the sefs S, I=v=d. This yields

d
9) Cror¥Pn2d 4T k=23 (logd)~3 = 3 (S, k)
v=1

iy »

where k=4;(h—1). Using (6) and (1) we obtain

! 2
(10) Sis b = a’-%.(4—‘7—”‘1'31\-‘341‘3‘5“) = 4P p2d . 4=T-hj2 {93,
v— [4

From (9) and (10) we conclude that
an ¥2-d%.(logd) ™2 = ¢y - k%,

The parameter d will be defined later so that (11) will lead to the desired upper bound
Y=cg.
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Case 2. Assume that for some /,€7(i,), the number of pairs (v, 4) such that

(v) (u) = 24
IS NS d

—33

1s less than d%-471 for every q, 0=g=[logd].
We recall that for every i,€1(iy, i;) we have (see (5)):

},3_2—10

ISNS,,| = el where §=S5,NS;.

Since S, is the disjoint union of segments of type /, and each of these segments con-
. k—1 . . .
tains exactly [—] points of S, it follows that there mustexist =2710y3k~1-%.

segments K, of type iy such that

3011 ] . P
Ky S| = y_kT[T] (i2€ I (o, 1).

Since any A-line L; contains less than 2k points of S, there are less than 2k segments
with the same support L;. Combining these facts we obtain the existence of at least

(see (5))
21043 )
(12) ]I(z0 i e = 2T yE L 26 2

Tkitss
distinct A-lines L; such that

We need the foliowing double-counting femma.
Lemma 2.3. Let S(v, )T S, 1=v, u=d be subsets with the properties:
(13) SrmwNSE ,p) =0 if (v, 0= (0% u";
(14) IS(v, ) =29-m  for all but less
than d*477 pairs (v, p), q=0, 1.2, ..., [log d\.

d d
Let §=1]) | S(v, n). Assume that

w21 u=1
(15) S| = n.

Moreorer, suppose that

(16)  any straight line L intersects at most 2d+1 of the sets S(v, p), 1=v, u=d.
Then

1§, 4d) < %](Bdi logd - m*+n-m/2)
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where (S, 4d) denotes the number of straight lines containing at least 4d points of S
(i.e., the number of (z=4d)-lines of §).

Remark. Hypothesis (14) immediately implies that |S(v, p)|<2d-m for all pairs
(v, 1)
Proof. Consider the quadruples (r, ry, v, i) such that r,<r, and for some (=4d)-
line L of §,{0,.0.}Jc Sk, w where LNS= {0y, 05, Oy, ...}. We count the
number of these quadruples in two different ways.
Let L be a (=4d)-line in S where LNS={0,, Q,,....,0,}, p=4d Let
0,6 Si NS, 1=r=p. From hypothesis (16) it follows by elementary calculation
that the number of repetitions among the pairs (v,, u) l=r=p is greater than 4.
Thus, d-1(S, 4d) gives a lower bound to the number of quadruples (r, 1y, v, 2).
Since any two distinct points determines exactly one straight line, we obtain

that the expression
d IS(\ 10|
22
v=1p=1 ‘-

gives an upper bound to the number of quadruplets (r, rs, v, 1).

Summarising
d d
(17) (5, 4d) = L > 2’[‘5 A "”]
d v=1pu=1
By (13) and (i4) we have
IS (v, ;1)\) _n [m) n-m
(18) =, ( 2 )= 2

IS{v, )| =m
Furthermore, (14) yields that for every integer ¢, 0=g=llog ],
S, ;1)1) [2"“17:] . AL
19 > (I = d?.4-9,
( ) 2y -2 | S(v, u)| =24+ 2 2
Since [S(v, p)|<2"m with p=Tllog dl, by (I17), (18) and (i9) we get

_ . Mogd? q+1
18, 4d)<('7{_” S (2 2’"].({‘-’-4~ﬂ}

< 4=0

1
= 7{” n +3logd - m*- c/I

which completes the proof of Lemma 2.3, |}

Applying Lemma 2.3 with S, p)=SPMNSH¥, m=n-d~**% and d=
[2713. 33 1739 (see also (7)), we obtain that there are less than

(20) ]—1{3 logd-m?- 424t ;m} =4n’logd.-d=37%
[4 s P4
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distinct k-lines L; such that

ISOL;| = 4d =2~V -_1:3-1\'“3"-Ik%1] .
Comparing (20) and (12) we conclude that
@n ¥-d3® (logd) "t = gy - K2

Let =1/20. Then from (11), (21) and from the choice d=[2"13.33. k1= it follows
by elementary calculation that in both cases v is bounded by a sufficiently large ab-
solute constant ¢, independent of n and k. The proof of Theeorem 1.5 1s comp-
lete. |

3. Proofs of Theorems 1.1-2

First we need the following result.

Theorem 3.1. Let there be given a set S of n points in the Euclidean plane. Then either
() some straight line contains =n/100 points of S, or
(B) the number of distinct straight lines determined by S exceeds c¢y5-n®.

Proof. Let L,, L,, .... L, denote the connecting lines of S, and let /,=|L;NS],
l=i=¢. Counting the pointpairs of S in two different ways we obtain

@ 5)=202)

Divide the right-hand side sum into three parts:

v . < Ii - ~ [i
<1 = Z a2 2T < 5
21z, <(2n) 2l 27 z a0 2

and
l; _ l;
_ - < i
2=l w24\ nf100 =1, =n
First we estimate Z; from above. By Theorem 1.5
l. 2i+1
~ i — Y i -
{23) =22 2z (q]z 2> 1(5.2’)-[ 5 )=
Jzny 2=l <2il N 2 JTeyy
l‘.<(2n)l/2 2/ —(an)ls2
(2 n* 2it1 ; 1 (n
B 5 * . = N ¢ = 2¢.-n2 N -/ —_
= 1'13/114 " (n, 29) [ 9 = ,:4: €6 33777720 5 )= 2¢g-n i;:’_c‘4 v )
2/ —(ap)l/e R =6

if ¢4 1s sufficiently large.

4%
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Second we give an upper bound to X,.
By (2) in Lemma 2.1 we have

/ ] 2 +1(2p)11
24y 3, = > ['}5 1S, 2/ 2n""2-[
24) } j::Z';) aiiamy =i =i + 1amiiz \ 2 215;112/2,/100 ( @) 2
1;=n/100
-+ 2 i
< n _[2) '2m! ) - ST Qi3 _(”]
& 2 Tan” 2 = 5 T =7a)
o =n1/2[100 27 =t/ 2[100

Combining (22), (23) and (24) we get X3>%[nJ ’

If some straight line contains =#/100 points of S, then we are done. In the opposite

case
P 9 >
9] 3\ E 242

I (ny (2941 .
I: ‘l>?[2]-(2) =y N

The proof of Theorem 3.1 is complete. |

Proof of Theorem 1.1. If alternative (§) in Theorem 3.1 holds then we are done by
a simple averaging argument. In the opposite case let L denote a straight line contain-
ing more than #/100 points. Selecting any point P4 L the lines determined by the
point-pairs (P, Q) Q€L are clearly distinct. [}

Proof of Theorem 1.2. Again if alternative (8) in Theorem 3.1 holds then we are

ready. 11'112?_;(! 1L;M.S| =L, NS|=n—x >1—n®

subset Z of S\ L;,. Joining all possible pairs (P;, Q;) where P,€L, and Q;€Z
we obtain
=
X 100l x x X n
=109 '3 | = 75 ("~ zm1) = 755305

distinct connecting lines. |

that is,

n
then we choose an [m]-element

4. Proofs of Theorems 1.3-4

Proof of Theorem 1.4. We cali a circle in the upper half-plane x-circle if the x-axis
1s tangent to it. Given any point-set S in the upper half-plane then denote by 74 (S, k)
the number of x-circles R such that k=|RMNS|<2k (k=2). Set

(1, Ky = sup g (S, k).

|Si=n

The proot is based on the following estimute.
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2

Lemma 4.1. 15(n, k)= with 5:5_]6 for all k, 2sk=(Q2n)Y2

C15 7378 k2+<5

We outline a proof of Lemma 4.1 referring to Section 2. Let S={Py, P,, ...
..., P,} be an n-element subset of the upper half-plane with the property 15(S, k)=
tg(n, k). Let R, R,, ..., R,, t=15(n, k) denote all possible x-circles R; with
k=|R;NS|<2k. For every P; let R4y, Ry ..., Py, denote the subsequence of
R, ..., R, containing P;. For any R, ; let Q; denote the only common point of the
x-axis and the circle R,;, (point of contact). The line segment P;Q; splits R, into
two arcs Rjf; and Ry; where “+” and *—" are defined according to the counter-
clockwise and clockwise order along R, starting from P,. For every jl=j=1)

either |(R{;N\{P)HNS|= 1 or |(R,(J)\{P})ﬂS|-— Thus, for some index-

. ] .
set  J;c[l, 4] with ]Jilzti/?., (RiN\AP} N S|z=—— for each jcJ;. Here
* =% ({)=+ or — identically for all jeJ;. Observz that the arcs Rj ;i\ {P:} (j€J)

C . k—1 .
are pairwise disjoint. Starting from P; select the first I{T points of S along the

1
]—element subset of (R ;N\{P}NS by K.
Finally, we define the “star” S; (1=i=n) as follows
Si= U Kyj-
JEd,

Now the proof of Lemma 4.1 proceeds along the same lines as that of Theorems
1.5. The only difference is that two points determine ¢ ne straight line but two x-circles.
This fact causes some change in the constant factors only. The desired “lattice pro-
perty” for arcs is as follows: Let there be given a “compatible” family 4,, 4,, ..., 4,
of arcs in the upper half-plane each of them startirg from a common point P and
terminating at the x-axis. Here “compatibility” means that 4,NA4;={P} if i#j.
Let Ay, A5, ..., Ay be another compatible family of «rcs in the upper half-plane with
common starting point P’ and with endpoints or the x-axis. These arcs A;, 4]
partition the upper half-plane into disjoint regions. Now the “lattice property”
says that any circle R intersects at most 4r of these regions. Indeed, the at most 4r
intersections-points RN A;, RMA; divide R into a: most 4r subarcs. J

Now the proof of Theorem 1.4 can be completed as follows. We say that an
x-circle is determined by S if it contains at least two points of S. Repeating the stand-
ard double-counting argument of Section 3, one car easily deduce from Lemma 4.1
that either
() some x-circle contains more than #/100 points of S,

arc R{ ;)\ {P;}. Denote this [k;

(/)  the number of distinct x-circles determined by S exceeds ¢y, - #2

If alternative (f) holds then we are done. In the opposite case denote by R,
an x-circle containing =n/100 points of S. For any pair P, P’€R,NS (P#P’)
denote by R(P, P’) the x-circle containing both P and P’ and different from R,.

Thus we obtain the existence of more than (n/ {200] distinct x-circles determined
by S. BN
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Proof of Theorem 1.3. Exactly on the same line as that of Theorem 1.4 except the
definition of the decomposition R=R*UR~. Let there be given a point P€S
and a unit circle R with P€R. The half-line starting from P and passing through
the center of R splits R into two half-circles R* and R~. |

5. Further conseq uences

We recall that (S, k) denotes the number of straight lines containing at least &
points of S (e.g., 7(S, 2) denotes the number of connecting lines of S).
We shall deduce the following result from Theorem 1.2.

Theorem 5.1. Given arbitrarily small £>0, then there is a threshold 1=1(c) depend-
ing on € only such that for any non-collinear point-set S in the plane, t(S,)<zg-1(S, 2).

Proof.* Let |S|=n and max [LOS|=n—x (x=1) where L is extended over all
connecting lines of S. Then, by (1) we have

;)

(5

(')
Now one can easily complete the proof, since by Theorem 1.2, #(S, 2)>c,-x-n. |}
Combining Theorem 1.2 and Theorem 5.1 we immediately obtain

Theorem 5.2.** Let there be given n points in the plane and assume that any straight line
contains at most n—x of them. Then the number of connecting lines containing less than

. 1
¢y; of the points exceeds 5 Cat X |
Next we state

Theorem 5.3. Let there be given n points in the plane and assume that any circle
(straight line) contains at most n—y of them. Then the number of distinct circles
(straight lines) containing at least three but not more than ¢, of the points exceeds
Cig- ¥ - B2

Proof. Let S={P,, Ps, ..., P,}. Applying inversions with center P;, 1=i=n,

L

. . . 1 .. .
Theorem 5.2 yields the existence of =n-—=c,p(n—1)/c;;=c15-y-n® distinct circles
y 2 2 1

each of them containing at least three but not more than ¢;; points P;. |

Let there be given a point-set S and a hyperplane H. We say that H is an
S-hyperplane if HMS spans S.

Theorem 5.4. Let there be given an n-element point-set in the Euclidean r-space. Then
either

(0)  some (r—1)-dimensional hyperplane contains more than c,-n points of S, or
(B)  the number of distinct (r—1)-dimensional S-hyperplanes exceeds ¢} -n'.

* A simpler direct proof can be extracted from Kelly-Moser [9].
** A result of Kelly and Moser [9] yields ¢;;=4.
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Proof. We show the validity of the stronger statement below.

Statement. Let there be given n not necessarily distinet points Py, P,, ..., P, in the
Euclidean r-space (r=2). Assume that [{P, P,, .., P,}l=¢-#n, i.e., there are more
than ¢-n distinct points among them. Then either
(@  some (r—1)-dimensional hyperplane contains =>c;(g)-n distinct points of
{P,, Py, .., P}, or
(By  the number of distinct (r— 1)-dimensional {Py, P,, ..., P,}-hyperplanes con-
taining less than ¢/ (¢) - n not necessarily distinct points of Py, ..., P, exceeds
el {ey-n".
We proceed by induction on r. We start with the simplest case r=2. Let
{P,, Py, ..., P,}|=N=¢-n. From Theorem 5.2 it follows that, either
(@)  some straight line contains =N/2 distinct points of {P;, P,, ..., P,}, or
(8)  the number of connecting lines containing less than c,; distinct points of
{P\. Py, ..., P,} exceeds % cz-%-N.
Let m(P)=multiplicity of P,=[{je[l, n]: P;=P}.
Let us introduce the set
AM)Y = {P;: m(P) = M}.

Since |A(M)| - M =n, wehave |A(M)|=n/M. Thus, the number of distinct connect-
ing lines passing through some P cA(M) is at most |A(M)| - N=n.N/M<
N2 (eM)~L If M=M,(c) then N‘Z(aM)'1<%c2N2, and we conclude that the

number of connecting lines containing less than ¢,,M points of Py, ..., P, exceeds

1 .
—8—C2-N2. This completes the case r=2.

te

Now assume that the statement is true for r—1=2. Then for every point P;
choose an (r—1)-dimensional hyperplane H; such that P;¢ H; and the straight line
P;P; does intersect H; if j=i. Applying central projection onto H; with center P,,
the projected image P, P,, ..., P/_y, P{.y, ..., P, of P\, Ps, ..., P;_1, Pity, ..., P,
contains more than ¢, (en — 1) distinct points. Indeed, it is an immediate consequence
of Theorem 1.1. Now applying the induction hypothesis for P;, P;, ..., P{_;, P{,4,
..., Py, and summing for i=1, 2, ..., n, one can easily complete the induction step.
Theorem 5.4 follows. |}

Finally, we mention an application of Theorem 1.5 to the 3-dimensional
“unit distances” problem: Find bounds on A(n)==the maximal number of unit dis-

tances determined by # points in the Euclidean 3-space.
Erdd8s [4] observed that

n'3.loglogn < h(n) < n3,
Using Theorem 1.5 we shall give a “non-trivial” upper bound to /i(n).

Theorem 5.5. Let n be sufficiently large. Then h(n)<n®3~¢ where ¢=>0, independent
of n.

Remark. Replacing Theorem 1.5 with the Szemerédi—Trotter estimate mentioned
in Section 1, our argument yields A(n)<n®2+o(0),
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Proof. Lect there be given a set S={P, P,, ..., P,} of n points in 3-space. Denote
by F(FP) the unit sphere with center at P. Set

S(i, jy = {PeS: {P;, P;}  F(P)}.

Observe that the points in S(i, j} lie on a circle R(i, j), i.e., S@,j)=SNR(3, ).
Simple geometric consideration shows that if (i. /) (k, ) then the circles R(i, j)
and R(k,I) are distinct.

Let =|F(PY)NS', 1=i=n. Counting the number of triples (P, P’, P")
satisfying properties P, P', P"¢ S and {P’, P"}c F(P) in two different ways we get

(25) = = 2.
1=i<jz=n i=1 2

To estimate the left-hand side of (25) from above, we introduce the number
T(p)=T(S, p) of distinct circles containing at least p points of S. We call these
circles as p-circles of S. Simple averaging argument gives that for some point P;
there are at least p- T(p)/n p-circles of S passing through P;. Applying inversion
with center P; we obtain the existence of p - T(p)/n distinct straight lines each of them
passing through at least p—1 points of the inverted image of S. Consequently,
p-T(p)n=t(n—1, p—1). We have therefore from Theorem 1.5 and inequality (2)
in Lemma 2.1 after easy calculation that

8 1
(26) Tn=c ;ZW’ 6= 30° for all 3= p=(2n)2
and
7 T(p) = 2.;_; for @Qn)2 < p=n.
From (26) we obtain
(28) s = 3 IS, )]
G S(i, D= (2ny/? 121 2= 1500y < 2q
S(i, j}=(2n)t
/ n® o, B
e 2eqe (-1 gypt? =c - gite

By (27) we get
(29) > IS¢, )| = 1221 > 1S3, )| = ¢” - n2.

(2n)2 < (S(i, /)| =n 21- 1. (2m)}/2 < |5(i, j)| =2 (2n)} /2

Summarising, by (28) and (29) we have

(30)
AT A () R N 11N ) FERD S N ()
1=i=j=n 18(i, )| =q a={St, Hl=(em/ (V2 <|8(i, ) =n
n , nd P S -
< 2 -g+e q2+a+c -n-<?n :

1

where g=n3+9, c= —¢ and n=>ngy(e).

5
6(3+95)
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On the other hand, clearly

v (h an I/n [}1’ hi]
3 2 = = —= .
(3D) i (2) " 2 )7 3n

i=1

W

Comparing (25), (30) and (31) we conclude that

n
h= 3 h =n*=¢

i=1

that is, the number A of unit distances determined by S is less than #**~¢ with

d .
—e i n=nye). |}

“6(2+0)
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